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i-G ■ We consider a nonlinear plate equation with thermal memory effects due to non- 



Fourier heat flux laws. First we prove the existence and uniqueness of global solutions 
as well as the existence of a global attractor. Then we use a suitable Lojasiewicz- 
^ ■ Simon type inequality to show the convergence of global solutions to single steady 

\^ • states as time goes to infinity under the assumption that the nonlinear term / is 

o' 



real analytic. Moreover, we provide an estimate on the convergence rate. 
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^j '■ 1 Introduction 

In this paper, we consider the following nonlinear plate equation with thermal memory 
effects due to non-Fourier heat flux laws 

e,-Aut + J,^K{s)[-Ae{t-s)]ds = o, 

utt - Aut + A{Au + e) + f{u) = 0, 
for (t, x) G M^ X fi, subject to the boundary conditions 

u(t) = Au(t) = 0, t > 0, x G r, , , 

e{t) = 0, t G M, a; G r, 



and initial conditions 

u{0) = Mo, Mt(0) = vo, 9(0) = 9o, X e n, 
^(-s) = 0(s), (s,x)GM+xfi. 

Here, fi G M^ is a bounded domain with smooth boundary F, 9 represents the temperature 
variation from the equilibrium reference value while u is the vertical displacement of the 
plate. Function (f) : M+ x fi t— > M is called the initial past history of temperature. The 
memory kernel k : IR+ i-^ M is assumed to be a positive bounded convex function vanishing 
at infinity. For the sake of simplicity, we set all the physical constants to be one. 

Recently, evolution equations under various non-Fourier heat flux laws have attracted 
interests of many mathematicians (cf. [1, 2, 4, 8, 11-17, 19, 33, 34] and references cited 
therein). Let q be the heat flux vector. According to the Gurtin-Pinkin theory [21], 
the linearized constitutive equation of q is given by 

q(t) = - / K{s)\/9{t - s)ds, (1.4) 

Jo 

where k is the heat conductivity relaxation kernel. The presence of convolution term in 

(11. 4p entails finite propagation speed of thermal disturbances, so that in this case the 

corresponding equation is of hyperbolic type. It is easy to see that (11.41) can be reduced 

to the classical Fourier law q = — V6' if k is the Dirac mass at zero. Besides, if we take 

1 _, 
k{s) = -e -, cr > 0, (1.5) 

a 

and differentiate (11.41) with respect to t, we can (formally) arrive at the so called Cattaneo- 
Fourier law (cf. [24,29,30]) 

aqtit) + q{t) = -V9{t). (1.6) 

On the other hand, evolution equations under Colemann-Gurtin theory for the heat 
conduction (cf. [6]) have also been studied extensively (see, for instance [1,2,10,17]). 
There the heat flux q depends on both the past history and on the instantaneous of the 
gradient of temperature: 

q(t) = -KiV9{t) - / K{s)V9{t - s)ds, (1.7) 

Jo 

where K"/ > is the instantaneous diffusivity coefficient. 

There are a lot of work on thermoelastic plate equations in the literature. For lin- 
ear thermoelastic plate equations without memory effects in heat conduction, exponential 
stability of the associated Co-semigroups has been proven under different boundary condi- 
tions (cf. [32, Section 2.5], [35,36]). On the other hand, when the heat fiux is modeled by 



non-Fourier laws, wellposedness and stability for the corresponding linear thermoelastic 
plate equations have been investigated in several recent papers (cf. [12, 14] and references 
cited therein). 

In this paper, we consider the nonlinear problem p.ip -( lL3ll . Asymptotic behavior of 
global solutions to nonlinear isothermal plate equations has been considered before. We 
may refer to [22,25], where convergence to equilibrium as t — i> oo was obtained by the 
well known Lojasiewicz-Simon approach under the assumption that the nonlinearity is 
real analytic. However, to the best of our knowledge, there are few results on the long- 
time behavior of global solutions to nonlinear plate equations with thermal memory like 
(ll.ip - (ll.3p . This is just the main goal of the present paper. First, we prove the existence 
and uniqueness of global solutions to (ll.ll) - (11.3p . Then we derive some uniform estimates 
which yields the precompactness of the solutions and furthermore the existence of a global 
attractor. Finally, combining some techniques for evolution equations with memory and 
for plate equations, we are able to prove the convergence of global solutions to single steady 
states as time goes to infinity via a suitable Lojasiewicz-Simon type inequality. Moreover, 
we obtain some estimates on convergence rate. Further investigations concerning the 
infinite dimensional system associated with our problem such as existence of exponential 
attractors etc can be made by adapting the arguments in recent papers [10,34]. 

Our problem (ll.ip -( lL3ll is an evolution system with memory. It is well known in 
the literature that it would be more convenient to work in the history space setting by 
introducing a new variable rj called summed past history of 6. This approach has been 
proven to be very effective in analyzing such kind of evolution systems (cf. [1,2,10,11, 
13,14,16,17,19,33,34]). On the other hand, it has been pointed out in the previous 
literature that when memory effects are present, the additional variable rj does not enjoy 
any regularizing effect. As a result, to ensure the precompactness of the trajectory, we have 
to make suitable decomposition of the solution which is typical for dissipative systems. To 
overcome the lack of compactness of the history space A1 in which the variable rj exists, 
an ad hoc compactness lemma will be used (cf. [10,11,19]). 

Comparing with the Colemann-Gurtin law (cf. [1,2,17]), the dissipation in temperature 
6 for our system is only due to the memory effect, which is rather weak. The stronger dis- 
sipation provided in the Colemann-Gurtin law would make the problem easier to be dealt 
with. For instance, we can refer to [1] in which the authors considered a nonisothermal 
phase-field system with (11. 7p and proved convergence to equilibrium for global solutions 
by the Lojasiewicz-Simon approach (see also [2] for a conserved phase-field model). To 
overcome the difficulty due to such a weaker dissipation under the Gurtin-Pinkin law 



(II ■4p . it is necessary to introduce a suitable additional functional which may vary from 
problem to problem to produce some new dissipations (cf. [10,11,13,19,33] and the refer- 
ences cited therein). By using this idea, convergence to equilibrium for a nonisothermal 
Cahn-Hilliard equation was proven in [33] and in [13] a nonconserved phase-field model 
of Caginalp type consisting of two coupled integro-partial differential equations was suc- 
cessfully treated. Besides, in order to prove the convergence result for our problem, we 
have to make use of an extended Lojasiewicz-Simon type inequality associated with a 
fourth order operator, which can be derived from the abstract result in [22]. Due to the 
structure of (II. 2p . the standard Lojasiewicz-Simon approach used in the parabolic case 
must be modified by introducing an appropriate auxiliary functional (see Section 5) which 
usually depends on the problem under consideration (cf. [13,22,33,34,40] and references 
therein). In our case, the required auxiliary functional is formed by adding two perturba- 
tions to the original Lyapunov functional of system (ll.ip -( ITT3ll and coefficients of those 
perturbations should be chosen properly. As far as the convergence rate is concerned, it 
is known that an estimate in certain (lower order) norm can usually be obtained directly 
from the Lojasiewicz-Simon approach (see, e.g., [23,42]). Then one straightforward way 
to get estimates in higher order norms is using interpolation inequalities (cf. [15,23,33]) 
and, consequently, the decay exponent deteriorates. We shall show that by using suitable 
energy estimates and constructing proper differential inequalities, it is possible to obtain 
the same estimates on convergence rate in both higher and lower order norms. In par- 
ticular, we find that as long as uniform estimates in certain norm can be obtained, we 
are able to prove convergence rate in the corresponding norm without loss in the decay 
exponent. In our case, we can also avoid using the decomposition argument used in [33] 
for this purpose. This technique has been successfully applied to other problems as well 
(cf. [20,28,39,40]) and it could be used to improve some previous results in the literature 
(e.g., [13,15,33,41]). At last we show that actually better results on convergence rate 
for problem (ll.ip - (ll.3l) can be obtained if we use the decomposition of the trajectory 
z = zd + zc (see Section 4). More precisely, the decay part zd converges to zero expo- 
nentially fast while the compact part Zc converges to equilibrium in a higher order norm 
with the same rate as for the whole trajectory. 

The remaining part of this paper is organized as follows. In Section 2, we introduce the 
functional setting, the main results of this paper and some technical lemmas. Wellposed- 
ness of problem ( ll.ip -( lL3l l is proven in Section 3. Section 4 is devoted to the uniform 
estimates and precompactness as well as the existence of a global attractor. In the final 
Section 5, we prove the convergence of global solutions to single steady states as time goes 



to infinity and obtain an estimate on convergence rate. 

2 Preliminaries and Main Results 

We shall work under the functional settings used in e.g. [14]. Consider the positive opera- 
tor A on L'^iyt) defined by A = -A with domain D{A) = H^{n) f] H^{^). Consequently, 
for r G M we can introduce the Hilbert spaces V^ = D(A''/^), endowed with the inner 
products 

< wi, W2 >yr=< A'^^wi, A''^^W2 >, V wi, W2 e V, 

where < •, • > denotes the inner product in L'^{Q). It is easy to see that the embedding 
V^'^ ^-^ V^^ is compact for ri > r2. In what follows, we shall denote the norm in L'^{Q) 
by II ■ II for the sake of simplicity. 
We suppose that k, is vanishing at cxd. Moreover, denoting 

we make the following assumptions on /x. 

(HI) fieW^'\R+), 

(H2) fx{s) > 0, fi'{s) < 0, y seR+, 

(H3) fi'{s) + 6fi{s) < 0, for some 6 > 0, \/ s eR-^, 

(H4) k{0) = J^fx{s)ds := Kq > 0. 

From recent work [4,13,37] and the references cited therein, assumptions on n might be 
properly weakened and our results still hold. Our results also hold under the assumptions 
made in [33,34] where (HI) (cf. [13]) is replaced hy fj, e C^(R+) n Li(R+). In that case, 
/i is allowed to be unbounded in a right neighborhood of and this can be handled by 
introducing a "cut-off" function near the origin. 

For the nonlinear term /, we assume that 
(F1)/(s)gC2(R). 
(F2) 

liminf > —7:;-, 

where Cq is the best constant depending only on fi such that 

\H\h{n) < Cn\\Aw\\l2^^y 

In order to prove the convergence to steady states, instead of (Fl), we assume 
(Fl)' /(s) is real analytic in s G M. 



We will also make use of the Poincare inequality 

\\w\\<Cp\\Vw\\, weH^in), 

where Cp is a positive constant depending only on fl. 

In view of (H1)(H2), we introduce the weighted Hilbert spaces for r G M, 

M^ = Ll(R+;Vn, 
with inner products 

POO 

< ^1,^2 >M-= / Ai(s) < A''/^r]i{s),A'/%{.s) > ds. 



JO 

Here we notice that the embeddings M.'^'^ "-^ A4^^, for ri > r2, are continuous but not 
compact (cf. [10,11]). 

Finally, we define the product Hilbert spaces 

yr _ y2+r y^ y' X V X 7^^+", r G R, 

with norm 

|U||2 _ II 4(2+r)/2 ||2 , II Ar/2 ||2 , || Ar/2 ||2 , || ||2 

for all z = {zi, Z2, z^, ^4)^ G V^. 

It is convenient to work in the history space setting by introducing the so-called 
summed past history of 9 which is defined as follows (cf. [7, 12, 14]), 

r]\s) = [ 9it- y)dy, {t, s) G [0, cx)) x M+. (2.1) 

The variable 77* (formally) satisfies the linear equation 

Vtis) + r]l{s) = 9{t), in Q, (t, s) eR-^ x M+, (2.2) 

subject to the boundary and initial conditions 

r/*(0) = 0, inQ, t> 0, (2.3) 

r]%s) = riois) = f (t){y)dy, in fi, s G M+. (2.4) 

We introduce a linear operator T on A^^ defined by 

Tt] = -r]s, r] G Z^(T) (2.5) 



with domain 

D{T) = {7]eM^\VseM\viQ) = 0}, (2.6) 

here and in above rjg is the distributional derivative of r] with respect to internal variable 



As in [13,19], we notice that an integration by parts in time of the convolution products 
appearing in the equation for 9 leads to 



9t-Aut-j;^f,{s)A7]\s)ds = 0, 
utt - Aut + A(Am + 6) + f{u) = 0. 



(2.7) 



Let us now introduce the vector 



zit) = {uit),vit),eit),v'y 



and denote the initial data by 



T ^ ^,0 



zq = {uo,Vo,eo,r]o) e V . 



Our problem (12.71) (II. 2pp. 3p can be translated into the nonlinear abstract evolution equa- 
tion in V", 

Zt = Lz + G{z), 

z{0) = zo, 
with 

G(z) = (0,-/(m),0,0)^. 

Here the linear operator L is defined as 

/ . \ / ., \ 



(2.8) 



(2.9) 



u 

V 

e 



\v J 



-Av - A{Au - e) 
—Av — J^ fi{s)Ari\s)d6 



(2.10) 



/ 



with domain 



DiL) = { 



zeV^ 



V, Au-eeV^ 
9eM\ 

j;^lj{s)A7]\s)dseV'^ 
7] G D{T) 



> . 



(2.11) 



Remark 2.1. System (12.81) is obtained through formal integration by parts, however one 
can show that it is in fact equivalent to the original problem l\l.l\i - l\1.3\i (cf. [14])- 
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Now we are ready to state the main results of this paper 

Theorem 2.1. Let (H1)-(H4) and (F1)(F2) hold. The semigroup associated with problem 
fl2.8p in V° possesses a compact global attractor A in V^. 

Theorem 2.2. Let (H1)-(H4) and (F1)'(F2) hold. Then for any Zq = {uo,Vo,6o,rioV ^ 
V°, there exists u^o being a solution to the following equation 

A^Uoo + /(Moo) = 0, X G (^, 
Moo = A-Uoo = 0, X G r, 

such that as t ^ oo 

u{t)^Uoo in F^ (2.13) 

v{t) -^ 0, e{t) ^0 in L'^{n), (2.14) 

r^* -^ in M\ (2.15) 

Moreover, there exists a positive constant C depending on the initial data such that 

\\u{t) - u^\\v2 + \\v{t)\\ + \\e{t)\\ + UWm^ <C(l + t)~(T^, Vt>0, (2.16) 

with p G (0, 1/2) being the same constant as in the Lojasiewicz-Simon inequality (see 
Lemma \5.3\} . 

Remark 2.2. With minor modifications, corresponding results can be proven for equations 
under various other type of non-Fourier heat conduction laws: 

/■oo 

Ot + ci9 - C2A9 - Aut+ / k{s) [c3^(t - s) - A9{t - s)]ds = 0, (2.17) 

Jo 

with Ci, C2, C3 being nonnegative constants. When C\ > 0, we have a (dissipative) term Ci6 
in (12.171) . which is arising from the assumption that besides the heat flux, the thermal power 
depends on the past history of 6 (cf. [12]). The case C2 > corresponds to the Colemann- 
Gurtin theory as mentioned before. Moreover, we may refer to [12,31] for the case C3 > 0. 
Although there might be additional terms like Ci9, —c^AB and J^^ K{s)c39(t — s)ds in the 
equation, these terms provide stronger dissipations on 9 from the mathematical point of 
view, which make the extensions of our results possible. 

For reader's convenience we report below some helpful technical lemmas which will be 
used in this paper. The first one is a frequently used compactness lemma for the spaces 
M"" (cf. [14, Lemma 2.1]). 
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Lemma 2.1. Let T^(y) be defined as follows 



T,{y)= ^^{s)\\A''^^{sWds, y>l. (2.18) 

i(0,l/j/)U{j/,oo) 

IfCcM^ satisfiy 

(i) sup^gc WvWm^ < oo> 

(a) sup^gc \\Tv\\m^ < oo> 

(in) liiiij^^oo (sup^gc T^(l/)) = 0, 

then C is relatively compact in M.^ . 

The following lemma can be found in [3]. 

Lemma 2.2. Let X be a Banach space and Z G C([0, oo),X). Let E : X ^ M be a 
function bounded from below such that E{Z{0)) < M for Z E X . If 

j^E{Z{t)) + 6\\Z{t)r^<k, 

for some 6 > and k > independent of Z , then for all e > there is to = to{M, e) > 
such that 

E{Z{t)) < sup {E{0 ■■ mWx <k + e}, V t > to- 

3 Wellposedness 

By using the semigroup approach, we are able to prove the existence and uniqueness of 
global solution to system (I2.8p . 

Theorem 3.1. Suppose that assumptions (H1)(H2) and (F1)(F2) hold. Then for any 
initial data zq = {uo,vo,9o,rio)^ G V°, system (12.8p admits a unique global solution z(t) G 
C([0,+oo),VO). 

Proof. We apply the semigroup theory (see e.g., [42, Theorem 2.5.4, Theorem 2.5.5]). 

Since 

1 f°° 
<Tr^,r^>^.= -j f,'{s)\\A'/'r^{s)\\'ds<0, \f V ^ D{T), (3.1) 

it's easy to see that 

<Lz,z>vo = -\\Vvf+ <Tri,ri>M^<0, ^ z e D{L). (3.2) 

By a similar argument in [12, Section 3] (see also [14]) we can show that I—L : D{L) i— > V° 
is onto. Thus L is a m-accretive operator. On the other hand, by the Sobolev embedding 
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Theorem, for any 2:1,^2 ^ V° with ||-2i||vo ^ ^1 II-22IIV0 < ^5 there exists a constant 
Lm > depending on M such that 

\\G{zi) ~G{z2)\\vo < Lm\\ui -U2\\v2 < Lm\\zi - Z2\\vO. 

Therefore, G{z) is a nonlinear operator form V° to V° satisfying the local Lipschitz con- 
dition. Consequently, local existence of a unique mild solution z{t) G C([0,T], V°) follows 
from [42, Theorem 2.5.4]. 

Next we prove the global existence. Taking inner product of (12.81) and 2; in V°, we get 

Jt (^ll^^^)llv° + i^^^^)^^) + ll^^ll' - I j^ ^\s)\\A'''^\s)rds = 0, (3.3) 

where F{u) = J^ f{y)dy. 

Assumption (F2) implies that there exist constants S G (0, 1) and A^ = N{6) > such 

that (cf. [5]) 

Fis) > -^^s^, for |s| > A^. 

To see this, let M be a positive constant such that f{z)/z + ^ > ^ for |2;| > M and 
certain 5 G (0, 1). Then we have 



for 



s2>max<|2M2-^^, o\:=N^. 



For negative s one can repeat the same computation with M replaced by —M. 
Now we have 

f F{u)dx= f F{u)dx+ f F{u)dx>-\^ f u^dx + C{\Vt\J) (3.5) 

Jn J\u\<N J\u\>N 2Cq Jq 



'\u\<N J\u\>N 

where C(|fi|,/) = |fi|minF(s). 

\s\<N 

By the definition of Cn in (F2) we can deduce 

1-6 



F{u)dx > —\\Aur + C{\n\J). (3.6) 



This implies that for any e G (0, 6] there holds 

1„ 



2lkWllvo 



+ f F{u)dx = ^\\z{t)\\lo+^—^\\z{t)\\lo+fF{u)dx 
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Cn ...,,2 



> -Mmu+cmj). (3.7) 



As a result, 



^Mmlo < ^ Qlk(t)||^o + ^FHrfx-C(|fi|,/)) . (3.8) 

Integrating (13.31) with respect to t, we infer from (13. 8p that 

\\z{t)\\lo<C{\\zo\\vo,MJ), Vt>0. (3.9) 

This uniform estimate together with [42, Theorem 2.5.5] yields the global existence, i.e., 
z(t) G C([0, +oo), V"). Moreover, it is not difficult to check that for any zqi, Zo2 G V°, the 
corresponding global solutions Zi{t),Z2(t) satisfy 

\\zi{t)-Z2mlo<CT\\zoi~Zo2\\lo, 0<t<T, (3.10) 

for all T > 0, where Ct is a constant depending on the norms of 2:01, 2:02 in V° and T. 
The proof is complete. D 

Remark 3.1. From the above theorem, we can see that the solution to our problem (12.81) 
defines a strongly continuous semigroup S{t) on the phase space V° such that S(t)zo = 
z{t). 

4 Precompactness of Trajectories and Global Attractor 

In this section, we will first prove (i) uniform estimate of the solution which also indicates 
the existence of an absorbing set, (ii) precompactness of trajectory z{t). In what follows, 
we shall exploit some formal a priori estimates which can be justified rigorously by the 
standard density argument. 

Lemma 4.1. Let (H1)-(H4) and (F1)(F2) hold. There exists a positive constant Rq such 
that the ball 

Bo := {zeV \ \\z\\yo < Ro} 

is an absorbing set. Namely, for any bounded set B G V°, there is to = tQ{B) > such 
that S{t)B C Bq for every t > to- 

Proof. Multiplying the second equation in (11.11) by e^u, integrating on VL and adding the 
result to (j3.3p . we get 

d /1„ 



\z 



dt \2 
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+ — II Vnf + / F{u)dx + e^ I uvdx ] + \\Vv\ 
2 Jn Jn J 



1 ^oo 



Jn Jn 



(4.1) 



In order to apply Lemma [2^21 we need more dissipation on the left hand side of f l4.ip . To 
such an aim, we introduce the following functional (cf. [13,19,33] and the references cited 
therein) 

poo 



J{t) := - i2{s) <e{t),ri\s)>ds. 
Jo 

It turns out from the Holder inequality and (HI) that 



\J{t)\ < mm / fi{s)<v\s),r^\s)>-^ds 
Jo 
1 1 1"^ 

< C\\zit)\\lo. 



(4.3) 



Besides, a direct calculation yields (cf. (12.21) (12. 7p ) 
d 



dt 



Jit) 



fi{s) < Ot{t),rf{s) > ds - /i(s) < 9{t),r]l{s) > ds 



-/ fx{s) < Aut{t),r]\s) > ds- / fi{s)A^/^ri\s)ds 
Jo Jo 

/•OO 

+ / fxis)<9{t),ri%s)>ds. 



Ko\\9\ 



(4.4) 



Terms on the right hand side of (14. 4p can be controlled in the following way: 



fi{s) < Aut(t),r]\s) > ds 



fi{s) < Vv{t),VT]\s) > ds 



1 

2' 



< ^liv.f + ^hlli,., 



(4.5) 



fi{s)A^/^r]\s)di 



/•OO POO 

< fi{s)ds n{s) < A^/^7]\A^^^r]^ > ds<Ko\\v*\\%ii, 

Jo Jo 



(4.6) 



/i(s) <9{t),ril{s) >ds 



< 



/i'(s) < 9{t),ri\s) > ds 
f^'is)\\9{t)\\U{s)\\ds 



'^0unu2 



< yii^f-^iy^ f.\s)\\A'/wis)rds, (4.7) 
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where in (14.71) we use (HI) that /i' is integrable (this can be weakened as mentioned in 
the previous section) and Ci > depends on kq. Now we can conclude 

|^W + |||^f <^||Vt;f + C,||ry*||^.-Ci^°°^'(s)pVVfrf., (4.8) 

where C2 = -^ > 0. Multiplying (i48l l by 2e and adding it to (l4?Tll we obtain 

-n ( 2ll^Wllvo + y llVuf + / F{u)dx + e^ I uvdx + 2eJ{t)\ - e^\\vf 

+ (1 - e) WVvW + EKQWeW -(\- SC^i^) r li\s) \\A^'^rf{s) f ds + el Anf 

< -£^ / f{u)udx + e^ / Mudx + 2C2£||r7*||^i. (4.9) 



Define 



and 



^(z(t)) = ^||z(t)||^o + ^11 VM(t)f + / F{u{t))dx + e^ I u{t)v{t)dx + 2eJ(t), 



J^{\\u\\v2) = \Q\ max \F{y)\. 

IS/|<ll"llv2 



Due to (Fl) and the Sobolev embedding Theorem V"^ ^^ L°°{Q), we can see that J-'{s) is 
bounded for |s| < M, VM > 0. It follows from this fact and f l3.7p that for all 2; G V° and 
e sufficiently small there holds 

Cslkllvo - ^^4 < ^ < Ikllvo + -^(IhlkO, (4-10) 

where C3, C4 are positive constants independent of z. 

(F2) implies that there exist constants a > and A^ = N{a) > satisfying 

fis)s > -^^s', V \s\ > N. 

As a result, 

f{u)udx > -^\\uf + C{\n\J) > -(1 - a)\\Auf + C{\n\J), (4.11) 

where C{\Q\,f) = \Q\m.mf{s)s. 

\s\<N 

Moreover, from (H3), we can see that 

00 ^00 

f^\s)\\A'/'v\s)rds>6 ^^{s)\\A'/'v\s)rds, (4.12) 

Jo 



and by the Holder inequality we have 



e^ / OAudx 
n 



<e^ll0f + C,e'llAuf. (4.13) 
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In (14.91) and (14.131) we take e small enough such that 

.11 5 a 

< e < min 



4' 16Ci' IQC2 2C5' 2Cp\ ■ 
Then it follows from dUD-dHHD that 

^^,{t) + 54z{t)\\lo<K (4.14) 

where 5q is a constant depending on £, a, 5, kq and A; is a certain positive constant depend- 
ing on e, \Vt\J,5,a,N{a). 

We infer from Lemma [2^2] that there is to = ioi.^) > such that 

^{z{t)) < sup {vI/(0 : <5o||^||^o <l + k}, V t > to, 

eevo 

which together with ( 14.10p implies the existence of absorbing set. 

The proof is complete. D 

Next we prove the precompactness of solutions to problem (12.81) . Since our system 
(12. 8p does not enjoy smooth property as parabolic equations, it suffices to show that the 
semigroup is asymptotically smooth (cf. [38]). To accomplish this, we make a decompo- 
sition of the flow into a uniformly stable part and a compact part (cf. [10, 11, 13, 19,34]). 
Namely, we decompose the solution to (12.81) with initial data z(0) = zq eV^ as 

z{t)=ZD{t)+Zc{t), 

where zoit) = {uD{t),VD{t),6D{t),rfj^) and zc{t) = {uc{t),vc{t),ec{t),if(j) satisfy 

Jt'^ = ^^"' (4.15) 

zd(0) = zo, 

and 

-—Zn = Lzn + G(z), 

dt ^ '' (4.16) 

zciO) = 0. 

Similar to Theorem 13.11 it is easy to check that system (I4.15P admits a unique mild 
solution Z£){t) G C([0, +00), V°). Moreover, we have 

Lemma 4.2. There exist constants C,6i > such that the solution Z£, of ( I4.15p fulfills 

\\zD{t)\\v»<Ce-'-^\ Vt>0, (4.17) 

where C > is a constant depending on ||zo||vo- 
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Proof. Let Ed{z) : V" i-^ M be defined as follows 

Ed{zd) = \\zD{t)\\lo+e'^\\VuDf + 2e^ / uovodx + AeJoit) (4.18) 

Jn 



with 

POD 

Joit) := - / /i(s) < 9Dit),r]'o{s) > ds. (4.19) 

Jo 

It is easy to see that for e > sufficiently small 

^\\zD\\lo<En{zD)<2\\zD\\lo. (4.20) 

Similar to the proof of Lemma HH], we can show that there exists 6i > such that 

-ED{zD) + 26i\\zn\\lo<0. (4.21) 

As a consequence of O4.20p . we have 

-ED{zD)+S^En{zD)<0 (4.22) 

which yields 

EoizDit)) < EoizDme-^^', V t > 0. (4.23) 

fliTZll follows immediately from IK2(^ and K2M . D 

Next we analyze zc- For initial data zq G V°, we can see that zc(t) = z(t) — zoit) 
belongs to a bounded set in V° for t > 0. In what follows we will show that zc is more 
regular and actually it is uniformly bounded in V^. 

Lemma 4.3. For all Zq G V°, there exists C > depending on ||-2o||vo such that 

lkc(t)||vi<C, Vt>0. (4.24) 

Proof. Taking the inner product of (j4.16p and Azc in V", we have 

I (^-\\A'/'zc\\l. + jj{u)Aucdx^ + \\Avcr ~\ j\'{s)\\Ar^'c{s)rds 
f'{u)vAucdx. (4.25) 



Multiplying the second equation in (I4.16p by Auc and integrating on Vt we get 

I (^-WAucf + j^vcAucdx\ + \\A"\c\? - P'^Vf 
= - / f{u)Aucdx + / A^c-4mcc^2;. (4.26) 
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Let 



Mt) :- 



fi{s)<A'/'9c{t),A'/ycis)>ds. 



Then in analogy to the argument in Lemma [4.11 we have 

\Jc{t)\ < 7TP^/%(t)f + ^Wvhmli^ / Ks)ds < C\\zc{t)\\ 



Ivi' 



and 



d_ 
'dt 



(4.27) 



(4.28) 



(4.29) 



here Cq,C-j> Q depend on /to- Introduce the functional 

$(t) = \\A^''^zc{t)\\lo + 2 / f{u)Aucdx + 2e^ / vcAucdx + e^\\Aucf + 4£Jc(t) + k, 

Jn Jn 

where A; > denotes a generic constant depending on ||2;o|| vo- 
lt is easy to see that, if the constant k appearing in the definition of $ is large enough 
and e is small enough, there holds 



-\\A'/'zcmlo < $ < 2\\A'/'zcmlo + C{\\zo\\vo) + k. 



(4.30) 



It follows from (d^HD (H^HD ((1291) that 

~Ht) + (1 - e)\\Avcr - (^ - 2C,.) 1^°^ As)\\Avh{s)rds 

< / f'{u)vAucdx + 2CQ6\\i]*c\\M2 -^"^ / f{u)Aucdx + e^ / AOcAucdx 
Jn Jn Jn 



Ii + l2 + h + h- 



(4.31) 



The right hand side of (14.311) can be estimated as follows. By (F2) and the Sobolev 
embedding Theorem we get 



\h\ 



f'{u)vAucdx 



n 



< \\fiu)\\L^\\v\\\\Au 



c\ 



< C{\Ql\\Au\\)\\v\\\\\\A'/\c\ 

< 'l\\A'/\cr + C. 



Besides, 



(4.32) 



-e / f{u)Aucdx 
Jn 



<e^\\f{u)\\Lo.\\Auc\\ < yp3/2ncf + C, (4.33) 
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e^ I AucAOcdx 



<^pV%f + C8eiA^/Vf, (4.34) 

where in the above three estimates, C > is a constant depending on ||-2o||vo and C^ = ^. 
In (14.3ip - p.34p . we take e small enough such that 

Consequently, we can obtain the following inequality 

^$(t)+52$(t)<C, (4.36) 

where ^2 > 0, C > are constants depending on e and ||2o||vo- 
Km and (14361) yield 

\\A^/'^zc{t)\\vo<C, Vt>0. 

The proof is complete. D 

In order to obtain the required compactness, we have to take care of the fourth com- 
ponent 77*. Embedding V^ •—* V" is not compact because embedding A^^ "-^ TWMs not 
compact in general. However, we have the following lemma whose proof is becoming 
standard (cf. [11,16,19] and the references therein). For the sake of completeness, we give 
a sketch of the proof. 

Lemma 4.4. Let C = IJoo'^c- Then C is relatively compact in Ai^ . 

Proof. It is obvious that C C A^^. According to Lemma ETT], we need to verify 

W\m^ <C, t>0, (4.37) 

\\Tr]'c\\M^<C, t>0. (4.38) 

lim (supT^tiy)] =0. (4.39) 

y^'X' \t>o ^ J 

(I4.37P follows from Lemma [4731 immediately. Since zciS^) = 0, rjc has the following explicit 

representation formula 

f fn^cit-y)dy, 0<s<t, ^ ^ 

'^oi^^ = \ t,l :; ~ (4-40) 

I Jo^c{t-y)dy, s> t. 

Differentiating it with respect to s yields 

f . X f -Oc(t-s), < s < t, , , 

Tvhis) = { ^ ^ ' - (4.41) 

[0, s> t. 
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Thanks to (H4) and Lemma [473l we have 

l>t ft 

fiis)\\A'/'Tr^Us)fds= / f^is)\\A'/'Tr^'ais)rds = / /x(s)pV%(t - s)f ds < C, 

^0 Jo 

(4.42) 

which yields KM . This also implies that r^^ G H^iR-^; V^). 

(I4.40p and Lemma 14.31 imply that 

For y > 1, we define 

I{y) = C I ^l{s){l + s^)ds. 

J {0,l/y)Uiy,oo) 

It's obvious that (see the definition of T) 

Assumption (H3) implies the exponential decay of the memory kernel, hence we have 

I{y) < C, for y>l, 

and as a consequence 

lim I{y) = 0, 

which yields (I4.39p . The lemma is proved. D 

Lemma [13] and Lemma H^ yield the compactness result we need 

Lemma 4.5. For any zq G V^, Uoo ^c(t) is relatively compact in V°. 

Proof of Theorem 12. IL On account of Lemma 14.11 Lemma 14.21 Lemma 14.51 and the 
classical result in dynamical system [38, Theorem 1. 1.1], we can prove the conclusion of 
Theorem 12.11 i.e., problem (ll.ll) - (ll.3p possesses a compact global attractor A in V°. 

5 Convergence to Equilibrium and Convergence Rate 

In this section we prove the convergence of global solutions to single steady states as time 
tends to infinity. Let S be the set of steady states of S{t), 

5 = {Z G V° : S{t)Z = Z, for all t > 0}. (5.1) 
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It is clear that every steady state Z^o has the form Z^o = (moo, 0, 0, 0)^, where u^o solves 
the following equation 

A\oo + f{uoo) = 0, X G n, (5.2) 

with boundary conditions 

Uoo = Amoo = 0, X eT. (5.3) 

The total energy 

E{t) = l\\z{t)\\lo+ I F{u)dx (5.4) 

with F{u) = J^ f{z)dz serves as a Lyapunov functional for problem (12.81) . Namely, we 
have 



oo 



±E{t) = -\\Vvr + ^j /i'(s)pVV(5)fci.<0, Vt>0. (5.5) 

For any initial data Zq ^ V°, its cu-limit set is defined as follows: 

Lj{zo) = {zoo = [uocVocOocTlooT I ^ {t„} such that z{tn) ^ z^ E V°, as tn -^ +oo}. 

Then we have 

Lemma 5.1. For any Zq G V°, the uj-limit set of Zq is a nonempty compact connected 

subset in V°. Furthermore, 

(i) uj{zo) is invariant under the nonlinear semigroup S{t) defined by the solution z(t,x), 

i.e., S{t)uj{zQ) = uj{zq) for all t >0. 

(a) E(t) is constant on uj^zq). Moreover, uj{zo) C S. 

Proof. Since our system has a continuous Lyapunov functional E(t), the conclusion of 
the present lemma follows from Lemma 14.31 Lemma 14.51 and the well-known results in 
dynamical system (see, e.g., [38, Lemma 1. 1.1]). D 

Remark 5.1. Since solutions to problem (|5.2p(|5.3l) are smooth, points in uj{zo) are 
smooth. In particular, uj{zo) is contained in a bounded set in V^. 



After the previous preparations, we are ready to finish the proof of Theorem 12. 2[ 
Part I. Convergence to Equilibrium 

For any initial datum Zq G V°, it follows from Lemma [1731 and Lemma HTSl that there is 
an equilibrium (moo, 0, 0, 0)^ G uj^Zq) and an increasing unbounded sequence {t^jneN such 
that 

lim {\\u{tn) - Uoo\\r2 + \\v{tn)\\ + \\0{tn)\\ + \\v\tn)\\M^) = 0- (5.6) 

tn —► + 00 

Actually, the convergence for v, 9, rf can be proved directly as follows 

19 



Lemma 5.2. Under the assumptions in Theorem \2.^ we have 



v{t) -^ 0, 9{t) -^ 0, «n L'^iQ), 



and 



r]* — »■ in M^, 
as time goes to infinity. 

Proof. Taking the inner product of (12.80 with z in V^^, we get 

fi'{s) < rf ,rf > ds- < f{u),v >y- 



(5.7) 



(5.8) 



1 d 

2di"^ 



2 

v-i 



< - < fiu),v>v-i, 



(5.9) 



where in the last step we use (H2). Then the Holder inequality, (13. 9p and the Sobolev 
embedding Theorem yield 

1 d 



2dt 



Wv-^ + \Mv-^ + \\v\\mo) < - <u,v>vi-< fiu),v>v-i 

< C\\Au\\\\v\\+C\\f{u)\\\\v\\ 

< C, 



where C is a constant depending on ||zo||vo- 
Multiplying (HSD by 2e and adding it to (I33D yields 



d /1„ 

-r -\\z 
rft V2" 



-Ij-sc. 



It follows from (H3) that 
d /1„ 



'yo+ F{u)dx + 2e.J{t) 1 + (1 - e)\\Wv\Y + eko 

fOO 

^^\s)\\A'/'^\s)rds<2C,eU\?^.. 



dt\2 



+ 



VO 



+ / F{u)dx + 2eJ{t)] +{l-e)\\\/v\\'^ + eKo\ 



1 



5{-- 2Cre ) - 2^2^ 



l^1^i<0. 



Taking e sufficiently small and integrating (I5.12p with respect to t, we get 

Jo 



Denote 



h{t) = \\vfy-^ + \\9fy-^ + \\ri 



i||2 



(5.10) 



(5.11) 



(5.12) 



\M" 



(5.13) 



(5.14) 
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Then from the continuous embedding V^ ^^ V'^ "-^ V ^, Ai^ "-^ A^°, we can conclude 
from (EUD that 

h(t) eL\0,oo). (5.15) 

This and (15.101) imply 

lim h{t) = 0. (5.16) 

i— >+oo 

Finally, (15. 7p and (15.81) follow from (15. 6p and (|5.16l) . The proof is complete. D 

In order to complete the proof of Theorem 12.21 it remains to show the convergence of 
u. This can be done by making use of a suitable Lojasiewicz-Simon type inequality. In 
our case, it would be convenient to apply the abstract version in [22]. Denote 

1 



£{u) = - / \Au\^dx+ / F{u)dx. (5.17) 

2 Jn Jn 



Then we have 



Lemma 5.3. [Lojasiewicz-Simon Type Inequality] Suppose that assumptions (F1)'(F2) 
are satisfied. Let tp he a critical point of £{u). There exist constants p G (0, |) and /3 > 
depending on ip such that for any u E V^ satisfying \\u — tpWv^ < P , there holds 

\\A\ + f{u)\\v-2 > \S{u)-Sm'-^. (5.18) 

Remark 5.2. We note that a "smooth" version of Lojasiewicz-Simon inequality of similar 
type has been introduced in [25]. However, the solution to our problem no longer enjoys 
the smooth property as in [25]. 

We prove the convergence result following a simple argument introduced in [26] in 
which the key observation is that after certain time to, the solution u will fall into the 
small neighborhood of u^o and stay there forever. Unlike parabolic equations, in order to 
apply the Lojasiewicz-Simon approach to our problem we have to introduce an auxiliary 
functional which is usually a perturbation of the Lyapunov functional E(t) due to the 
structure of (12.81) (cf. [22,25,33,40] and the references cited therein). 

Define 

111 f^ 

Hit) = -Ht)r + ^\m)r + ^\\vrM^+SHt))-aj^ ^^{s)<e{t),v\s)>ds 

+e < A^uit) + /(n(t)), v{t) >v-2, (5.19) 

where a > 0,e > are two coefficients to be determined later. It's easy to check that 
H{t) is well defined for t > 0. A direct calculation yields 

7 TT -I l>CO poo 

— = _||Vt;f + - / p'(s)pi/V(s)irrfs-a / fiis)<Autit),ri\s)>ds 
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— aKoll^l 



a 



IJ,{s)A2r]\s)ds 



+ a fx{s) < 9{t),r]l{s) > ds 
Jo 

+e [\\A\ + f{u) 11^-2+ < A\ + f{u), Av - AO >y-2 + < A\ + f'{u)v, v >y-2] . 

(5.20) 

It follows from the Holder inequality, the Poincare inequality and the Sobolev embedding 
Theorem that 

\<A\ + f{u),Av-Ae>v-2\ < ^\\A\ + f{u)fy-, + \\vf+\\ef 

< ^\\A\ + f{u)\\l^, + C4Vvr + \\9r, (5.21) 

\<A^v + f'{u)v,v>v-2\ < \\vf+ ll/'(^)l|L-ll^f <Cio\\Vvf, (5.22) 

where Cg = Cp and Cio > depends on Cp and H^oHv"- Recalling 04.81) and (H3), we 
deduce from dOOll - ( 15:221 ) that 



dH 

It 



< - 



1 - -a - (Cg + Cio)e 



Wv\ 



2+(l_c,a] r ^i'{s)\\A''^7^\s)\\Hs 



-{^-e) \\er + CMW{s) 11^. - \e\\A^u + f{u)\\l. 



< 



1 _ _tt - (Cg + Clo)e 



\Vv\?- 



- - Cia ) 5 - C2« 



Wis^M^ 



aKQ 



— e 



1 



?--e\\A\ + f{u)\\l-.. 



We take a > small enough such that 



- — Cia j 5 — C20t > -6 and -a < -, 



namely, 



< a < min 



1 



4(Ci5 + C2)'2 
After fixing a, we take e > sufficiently small satisfying 

1 1 



< 6 < min 



4(C9 + Cio)'4 
As a result, there exists a positive constant 7 such that 
d 



aKQ 



dt 



Hit) < -7 {\\Vvf + h\s)\\l,. + \\er + \\A\ + f{u)\\l-.) . 



(5.23) 



(5.24) 



(5.25) 



(5.26) 



(5.27) 



Thus H{t) is decreasing on [0, 00). Because H{t) is bounded from below, it has a finite 
limit as time goes to infinity. On the other hand, it follows from (I5S|)-(EH1) that as t„ — > cxd 



H{t, 



E.. 



S(Ur 



(5.28) 
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From (15.271) we can infer that H(t) > £{uoo) for all t > 0, and the equality sign holds if 
and only if u is independent of t and solves problem (12.121) while 6 = v = rf = Q. 
We now consider all possibilities. 

Case 1. If there is a to > such that at this time Hito) = £{uoo), then for all t > to, 
we deduce from (15.271) that 

||Vt;||=0. (5.29) 

Namely, u is independent of time for all t > t^. Due to (15. 6p . we can see that (12.131) holds. 
Case 2. For all t > 0, H{t) > £{uoo)- In this case, there holds 

- j^{H{t) - £{u^)Y = -p{H{t) - £{u^)Y-^jH{t), (5.30) 

here p G (0, \) is the exponent in Lemma [5731 By the Holder inequality, we obtain 

{H - £{u^)f-p < C (||t;f (^-^) + ll^f (1-^) + UW^'^r"^ + \£{u) - £{u^)\^-P 

+ii^ir"ii^*itf+p'«+/Miiv~'^ii^ir"'')- (5.31) 

Besides, the Young inequality yields 

\\A\ + f{u)\\'yI'M\''' < P'^ + /Hllv- + C\\v\\'t'. (5.32) 

Noting that (1 — p)/p > 1 and 2(1 — p) > 1, by the uniform bounds obtained in previous 
section, we conclude 

{H - £{u^)y-' < C {\\v\\ + ll^ll + UWm^ + \\A^u + f{u)\\y-2 + \£{u) - £{u^)\^-P) . 

(5.33) 

It follows from ( 15. 6^ that there exists A^ G N such that for any n> N, ||'u(t„) — Moo|| v^ < P- 
Set 

t„ = sup{ t > t„ I \\u{t) -Moo||y2 < f3, \/t e [tn,t]} . (5.34) 

Observe that t„ > t„ for all n> N, due to the continuity of the orbit in V°. Now we have 
to deal with two subcases. 

(a) There exists uq such that t^p = oo. By Lemma [573l (|5.20l) (15. 30p (15.331) and the 
Poincare inequality, we can conclude that 

-±{H{t)-£{u^)r 



> ^^^ w'^vr + wisni^. + wer + WA^u+fiuni 



-1 



A\ + ll^ll + \W\\m^ + P'm + /(m)||v-2 + \£{u) - £{u^)Y-p 
> Cn {\\Vv\\ + \\v\s)\\m^ + \\0\\ + \\A\ + f{u)\\v-2) . (5.35) 
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Integrating from tno to t, we obtain 

+Cn I {\\Vv\\ + \W{s)\\m^ + ll^ll + \\A^u + f{u)\\y-2) dr 
< {H{tn,)-S{u^)r. (5.36) 

Recalling that H(t) — S{uoo) > for t > 0, we infer 



t 



\v {t)\\vi dr < oo, yt>tno. (5.37) 



Thus, u{t) converges in V^. Then by the precompactness property of u(t) in V'^ (see 
Section 4), we can conclude (12.131) . 

(b) For all n G N, t„ < oo. 

Since H(t) is decreasing in [0, oo) and it has a finite limit E^o = £{uao) as t ^ oo, 
then for any C G (0, /3) there exists an integer A^ such that when n> N, for alH > t„ > 0, 
there holds 

{H{tn) - S{uoo)Y - {Hit) - £{uoo)Y < ^C- (5.38) 

As a result, for n > A^ there holds 

r \\v{r)\\vidT < ^. (5.39) 

Moreover, by choosing A^ sufficiently large we have 

||M(t„)-Moo||y2 <|, yn>N. (5.40) 

These imply that 

MQ - UooWv^ < \\u{tn) - u^Wvi + \\v{T)\\vidT < C, \/n>N. (5.41) 

Therefore, 



_ lim ||M(t„) - Uoollyi = 0. (5.42) 

On the other hand, the precompactness of u in V"^ implies that there exists a subsequence 
of {u{tn)}, still denoted by {u{in)}, converging to Uoo in V"^. Thus for n sufficiently large, 
we get 

\\u(tn) -Moolka < P (5.43) 

which contradicts the definition of t„. 
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Part II. Convergence Rate 

For t >to with to sufficiently large, it follows from Lemma [5731 and (I5.33P (15.351) that 

l{H{t)-S{u^)) + C{Hit)-Siu^)f'-'^ < 0. (5.44) 

This yields (cf. [22,40,42]) 

H{t)-£{uoo)<Cil + t)-'^^^-^p\ Vt>to. (5.45) 

Integrating (I5.33P on (t, oo), we have 

/oo 
\\v\\vidT<C{l + t)-f/^^-^p\ Vt>to. (5.46) 

By adjusting the constant C properly, we obtain 

\\u{t)-u^\\vi<C{l + t)-^/^^-^f\ Vt>0. (5.47) 

Based on this estimate for u in V^ norm, we are able to obtain the estimates (in higher 
order norm) stated in Theorem 12. 2[ 

By subtracting the evolution equations (12. 7p and their corresponding stationary equa- 
tions (12.121) . we have 

utt - Aut + Ae + A\u - Uoo) + f{u) - /(moo) = 0, 
Similar to (13.31) . we can see that 

F{uoo)dx- / f{uoo)iu-Uoo)dx\ 
n Jn / 

+ l|Vt;f--y^ ^^\s)\\A'/'r^\s)rds 
= 0. (5.49) 

Multiplying the second equation in ( I5.48p by m — u^o and integrating on Q, we get 

-j: ( ^l|V^ - VmooT + v{u- Uoo)dx j - ||t;|p + \A{u - u^)\\' 
= - ifiu) - f{uoo)){u-Uoc)dx+ / 9A{u-Uoo)dx. (5.50) 



Multiplying (14.81) by 2e and multiplying (15.501) by e"^ respectively, then adding the resul- 
tants to (lOOD yield 

d (\ 
It 



Q||M(t) - uJi\, + h^vf + h\ef + ^llr^i^i + |-||V(u - u^)f + y F(M)dx 
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F{uoo)dx — I f{uoo)iu~Uoo)dx + e'^ / v{u — Uoo)dx + 2eJ{t) 
n Jq Jn 



[1 - e)\\Vvf + SKoWef + 



- - 2Cie ) 6 - 2C2£ 



77*11^1 +£2p(M-nc 



< e^Wv 



2|L,I|2 



e^ I {f{u) - f{uao)){u-u^)dx + £^ / 9A{u-u^)dx. 



We now estimate the three terms on the right hand side of inequality (I5.5ip . 



2|| ||2 ^ 2,^2 iirr Il2 

^ IpII ^ ^ C^pll^^f 11, 



(5.51) 



(5.52) 



-£ {f{u) - f{Uoo)){u-Uoo)dx 



< e'\\r\\L^\\u - u^r < Ce'Wu - u^W, (5.53) 



e" I 9A{u — Uoo)dx 



<-6^\\A{u-u, 



e \\o\\ . 



On the other hand, by the Taylor's expansion, we have 

F{U) = F{U^) + f{u^){u - Uoo) + f (0(« - «oo)', 

where ^ = au + {\ — a)Uoo with a E [0, 1]. 
Then we deduce that 



(5.54) 



(5.55) 



/ F{u)dx- / F{u^)dx+ / f{uoo)uoodx- / f{uoc)udx 
Jq Jn Jn Jn 



f'{^){u-Uoofdx 



< \\f'iO\\L°-\\u-Uocf <C\\U-Uc 



(5.56) 



Let us define now, for t > 0, 



yit) = ^Mt) - Woofv2 + ^\\vf + ^\\ef + ^WWm^ + yI|v(m - u^)f + J F{u)dx 



F{uoo)dx — / f {uoo){u — Uoo)dx + e^ / v{u — Uoo)dx + 2eJ{t). (5.57) 
in Jn Jn 

Taking e sufficiently small, it follows from the Holder inequality, (I5.56p and (14.31) that 

there exist constants 70,71,72 > such that 



lo\\z- ZooWvo > y{t) > i2\\z- z^Wla -li\\u-u^\\yi. 



(5.58) 



Moreover, for small e we can deduce from (I5.5ip -( l5.54p and (15.58p that for certain 73 > 0, 
the following inequality holds 



^l/(^) + 73l/(i) < C\\U - UooWvi 



(5.59) 
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The Gronwall inequality and (15.471) yield (see e.g., [39,40]) 

y{t)<C{l + t)-^p/^^-^''\ Vt>0, (5.60) 

which together with 05.58P implies that 

\\z-z^\\vo<C{l + t)-p/''^-^p\ Vt>0. (5.61) 

The proof of Theorem 12.21 is now complete. 

Before ending this paper, we give a further remark on the estimate of convergence rate. 
As has been shown in the previous section, the solution z(t) to our problem (12. 8p with 
initial data zq G V° can be decomposed into two parts z(t) = zcit) + zc(t), where zcit) = 
iuDit),VDit),eDit),7]'j,f and zcit) = iucit),vcit),ecit),r]'cf satisfy ^JE) and dUBl) 
respectively. It is also shown in Lemma [42] that zoit) will decay to in V° exponentially 
fast. This convergence rate is obviously better than the rate for z(t) obtained in Theorem 
I2.2[ As a result, we can easily obtain the following result for the compact part Zc(t) from 
Lemma [42] and Theorem 12. 2t 

Proposition 5.1. Under the assumptions of Theorem \2.2. we have 

\\zc{t)-z^\\y,<C{l + t)-P/^^-^p\ Vt>0, (5.62) 

where C > is a constant depending on ||-2o||v'' (ind Zoo = (moo, 0, 0, 0)"^. 
Proof. We notice that 

\\zc{t) - ^oollvo < \\z{t) - ZooWvo + lkD(i)||vo, (5.63) 

lim e-^*(l + t)''/(^-2^) = 0. (5.64) 

i— >+oo 

Then the conclusion ( I5.62p follows from Lemma 14.21 and ( I5.6ip after the constant C is 
properly modified. D 

Moreover, Lemma [473l provides a uniform estimate of ^c in V^. As a direct consequence, 
this fact and Proposition 15.11 imply the weak convergence of zc such that 

^cii) -^ Zoo, in V^, as t — > +oo. 

Based on the idea we used in the proof of Theorem 12.21 we are able to get a stronger 
result, namely 
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Theorem 5.1. Under the assumptions of Theorem \2.Si we have 

\\zc{t) - ^oollvi < C{1 + t)-''/(i-2p), V t > 0, 
where C > is a constant depending on ||-2o||v(> and \\uqo\\v3. 



(5.65) 



Proof. Subtracting (12 .12^ from (I4.16p we have 
d 



dt 



{Zc - 2oo) = L{zc - 2oo) + (0, -f{u) + /(Moo), 0, 0)^ 



(5.66) 



{Zc ~ Zoo)\t=Q — Zoo- 

Taking the inner product of the resulting system (I5.66P and A{zc — z^) in V°, we get 

I (\\\A''\zc - z^)\\l, + / (/(«) - f{u^))A{uc - u^)dx 



+ \\Avc\ 



1 



t /„M|2, 



^^'{s)\\Ar^'c{s)rds 



f'{u)vA{uc-Uoo)- 



(5.67) 



Next, multiplying the second equation in (15.661) by A{uc — Uoo) and integrating on Q, we 
have 



^( I vcA{uc-u^)dx + ;-\\A{uc-u^)f)+\\A'/'{uc-u^)f-\\A'/'- "^ 



dt 



n 



\^ 



{f{u) - f{uoo))A{uc - Uoo)dx + / AecA{uc - Uoo)dx. 
n Jn 

Now we introduce the functional 



vc\ 
(5.68) 



T(t) = \\A'/\zcit)-z^)\\lo + 2 {fiu)-fiu^))A{uc-u^)dx 

Jn 

+2e^ I vcA{uc - Uoo)dx + e^\\A{uc - u^)f + 4eJc{t). (5.69) 

Jn 

It follows from Theorem 12.21 Proposition 15.11 and (I4.28P that for t > 0, 

(/('«) - f{uooj)A{uc - Uoo)dx 



< \\f'\\L^\\u-u^\\\\Aiuc-u^)\\<C{l + t)-^p/^'-^p\ (5.70) 

vcA{uc-u^)dx < \\vc\\\\A{uc-u^)\\<C{l + t)-'p/^'-^P\ (5.71) 

\Mt)\<C\\zc-z^\\l,. (5.72) 

As a result, after choosing e > sufficiently small, there is a constant C > such that 

\\zcit) - ^ooll^i < 2T(t) + Cil + t)-2p/a-2p). (5.73) 
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It follows from i^M)-<^IB and Km that 



1 d 
2~dt 



T{t) + {l-e)\\Avc\ 



2 2C,e^ 1^ f,'{s)\\Av'^,{s)rds 



lA'/'vcf + e'\\A'/\uc - noo)f + e^o\\A'/'ec\ 



< f{u)vA{uc-u^)dx + 2Cee\\r]'c\\ 



t ||2 
A42 



-£ {f{u) - f{uoo))A{uc -Uoo)dx + e A9cA{uc - Uoo)dx. 
Jq Jn 

The right hand side of ( 15.74p can be estimated as follows 



f'{u)vA{uc - Uoo)dx 



(5.74) 



< \\f'{u)h^\\v\\\\A{uc-u^)\\<C{l + t)-'^^^'~'^\ (5.75) 



(/(m) - f{uoo))A{uc - Uoo)dx 



< \\r\\L-\\u-u^\\\\A{uc-u^)\\<C{l + t)-^''/^'-^P\ 



(5.76) 



e / A6cA{uc — Uoo)dx 



<'-!^\\A'/'9cr + Ce'\\A'/\uc-u 



2 

ooy II ) 



(5.77) 



where in the above estimates C is a constant depending on ||-Zo||vo at most. Similar to the 
previous section, we can choose e > small enough and consequently there is a constant 
74 > such that 



d 
di 



T(t)+74T(t)<C(l + t) 



-2p/(l-2p) 



As a result, 



T{t)<C{l + t)-^^/^'-^f\ Vt>0, 



(5.78) 



(5.79) 



here C > is a constant depending on ||-2o||v'' and ||Moo||y3 (see Remark I5TT1) . 

The required estimate (I5.65p follows from (15.791) and ( 15.73p . We complete the proof. 

D 
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